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Abstract
The topological theory and the Volterra process are key tools for
the classification of defects in Condensed Mater Physics. We employ
the same methods to classify the 2D defects of a 4D maximally sym-
metric spacetime. These cosmic forms, which are continuous, fall into
three classes: i)- m-forms, akin to 3D space disclinations, analogous
to Kibble’s cosmic strings; ii)- t-forms, related to hyperbolic rotations;
iii)- r-forms, never considered so far, related to null rotations. A de-
tailed account of their metrics is presented. There are wedge forms,
whose singularities occupy a 2D world sheet, and twist forms, whose
singularities occupy a 3D world shell. m-forms are compatible with
the cosmological principle of space homogeneity and isotropy, t- and
r-forms demand spacetime homogeneity. t- and r-forms are typical of a
vacuum obeying the perfect cosmological principle in a de Sitter space-
time. Cosmic forms may assemble into networks generating vanishing
curvature.
1 Introduction
This article aims at the application to Cosmology of the concepts of the
Condensed Matter Physics (CMP) theory of defects, including the Volterra
process (VP) for line defects [1], the topological theory (TT) for quantized
defects of any dimensionality (point defects, walls and solitons, configura-
tions) [2, 3], and the continuous theory (CT) of line defect densities [4, 5].
The TT is not absent from to-day Cosmology, (cf. Kibble’s cosmic
strings [6], reviews in [7, 8]); the analogies between quantized defects in
liquid crystals and cosmic strings have been stressed and have inspired ’cos-
mology in the laboratory’ experiments [9]. However its use has been limited;
cosmic strings do not cover all the possible line defects allowed by the full
theory. The VP has permitted to recognize cosmic string types not present
in Kibble’s theory [10, 11, 12].
The CT has been developped for spacetimes endowed with torsion, see
a review of the Einstein-Cartan Theory (ECT) in [13]. In [14] it is shown
that a spacetime with curvature and torsion can be considered as a state of
a four-dimensional continuum containing defects, in analogy with the CMP
continuous theory of [4]. In [15] it is claimed that gravitation stems from a
distribution of continuous defects.
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But a full use of the TT is new; among other results, it yields a clas-
sification of cosmic defects of various dimensions. The line defects (cosmic
forms) discovered in conjunction with the VP (all are continuous defects)
suggest new physical features of the spacetime. This is the content of this
article.
Let us first give a short reminder of the theory of defects (for a detailed
overview see [16]):
In a Volterra process the basic ingredient is a cut surface Σ drawn in
a unstrained specimen, bordered by a closed line L = ∂Σ, whose lips Σ+,
Σ− are displaced one relatively to the other by a rigid displacement d(x) =
b + Ω(x); b, a translation (yielding a dislocation on L) and Ω, a rotation
(yielding a disclination on L) are proper elements of the symmetry group
H of the specimen. After addition of missing material in the void (if a void
is created by the relative displacement) or removal of superfluous matter (if
there is multiple covering), the atomic bonds are reset on the lips and the
specimen let to elastically relax.
The line defects L thus obtained are quantized if H is discrete. If the VP
is performed in an amorphous material, where b, Ω ∈ E(3) ∼ SO(3) n R3
are continuous elements of symmetry, the Volterra defects are continuous.
In both cases there is no singularity left along the lips of the cut surface,
after completion of the VP; L is a perfect defect line.
The VP fails if H /∈ E(3) is a gauge group, e.g. vortex lines in supercon-
ductors and superfluids. But there is a unique theoretical frame in which
quantized Volterra and gauge line singularities both appear as defects:
Let x ∈ M on which a large group G is acting. The elements of h ∈ G
such that h.x = x form a subgroup H ⊂ G, the little group; the set of
subgroups g H g−1 which are the little groups of {g.x| g ∈ G} conjugated to
H form a conjugacy class [G : H]. The topological defects ofM are classified
by the non-trivial elements of the homotopy group pi1(M) of the coset space
M = G/H ≡ G/(gHg−1). There are as many coset spaces attached to
a group G as there are conjugacy classes [G : H]. Each [G : H] yields a
possible realization of an ordered medium, whose manifold of internal states
[2] is precisely its coset spaceM.
This topological classification of defects extends to any physical medium
with a symmetry group G broken to H. It also extends to defects of any
3
dimensionality, e.g., pi2(M) classifies point defects. For reviews see [17, 18,
19, 20].
Cosmic forms are the VP defects (cut hypersurface Σ, 2D world sheet
L = ∂Σ) classified by the symmetry elements g ∈ P (4) ∼ L0nR1,3; L0 is the
orthochronous connected Lorentz group, P (4) the Poincaré group. If g is an
angle α ∈ P (4), it would necessarily match for some value to the quantized
α resulting from the gauge field theory of cosmic strings. A cylindrically
symmetric cosmic string results from a cut-and-glue process performed in
the Minkowski spacetime M4, much akin to the VP for wedge disclinations
in CMP, i.e., disclinations located along the rotation vector Ω. Other types
of isometries in P (4) yield other types of defects [11, 12]. In these papers
the analysis is developed in the frame of the ECT, which, as demonstrated
in [13], is the local gauge theory of the Poincaré group. However the defect
classification is the same as that one gotten from VP’s in M4.
Sect. 2 presents the classification of generic cosmic forms including cos-
mic disclinations and cosmic dislocations. The subgroups of L0 can be
partitioned into four sets of conjugacy classes, in which one recognizes three
kinds of disclinations:
− m-forms, related to continuous symmetry rotations α,
− t-forms, related to Lorentz boosts (hyperbolic rotations),
− r-forms, related to null rotations,
each kind belonging to a different conjugacy class. The fourth conjugacy
class, the Lorentz group itself, contains all the forms just listed and no
other.
m- and t-forms are described in the literature [11, 12]; r-forms have
never been considered so far. We propose the following physical interpre-
tation. Wigner [21] has demonstrated the equivalence between the unitary
irreducible representations of subgroups of L0 and the elementary particles.
Thereby, the subgroups belonging to the same conjugacy class correspond
to a well-defined type of particles. We assign the fourth conjugacy class to
an ’amorphous’ substance, a vacuum. In the cosmological literature, this
vacuum is treated in the frame of the quantum theory of fields (QFT) [22];
it is often identified with the cosmological constant or/and the dark matter.
In Sect. 3 we calculate the line elements ds2 of these three classes, for
the wedge forms as well as for the twist forms. ’Wedge’ has been defined
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above in CMP, ’twist’ refers to a line orthogonal to the rotation it carries.
This terminology is perfectly acceptable for the m-forms, which are topo-
logically equivalent to CMP disclinations. The analogy goes further: a twist
CMP disclination is topologically stabilized by infinitesimal dislocations or
disclinations attached to it [5]. The same process occurs for twist forms in
spacetime, and more generally for any non-wedge, mixed, segment along a
curved m-form; it also occurs for t- and r-forms. In all those cases the sin-
gularity of the form is not along the world sheet, but along an hypersurface
that surrounds the central world sheet, a world shell.
In Sect. 4 we start from the remark that the elements of symmetry car-
ried by t- and r-forms (in the VP sense) do not belong to the maximally
symmetric group that encompasses the space properties of isotropy and ho-
mogeneity − thereby they do not obey the narrow cosmological principle
(nCP), whereas the m-forms do. But t- and r-forms are compatible with
the perfect cosmological principle (pCP) as in [23, 24], where the embedding
spacetime is de Sitter: r- and t-forms are typical defects of a dS4 vacuum.
Finally we stress that cosmic forms can assemble into networks which
can adjust to any curvature, as disclinations do in amorphous solids where
they yield zero Euclidean curvature [25].
2 Forms in a Minkowski spacetime M 4
2.1 The classification of cosmic forms
We restrict our discussion to M4; the extension to dS4 is straightforward.
P (4) is partitioned into four conjugacy classes, yielding four correspond-
ing coset spaces. Michel [18] obtains these classes by considering the action
of P (4) on 4-momenta pa, each orbit corresponding to a different norm of
‖pa‖2, each stratum to a set of orbits corresponding respectively to timelike,
spacelike, null, and vanishing momenta, Fig. 1.
1- Timelike 4-momenta
Let pam = {p0m, p1m, p2m, p3m} be some timelike 4-momentum. The little
group that leaves pam invariant is isomorphic to the group of 3D rotations;
Hm ∼ SO(3). The orbit of pam belongs to a hyperboloid of two sheets. In
Fig. 1, where p0 > 0, it is the sheet to the future of x. The coset space
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Figure 1: 3D representation of the light cone at some event x, cut in the
e0 e3 plane. The three non-trivial orbits of the extremities of the vectors
pam (timelike), par (null), pat (spacelike) are respectively hyperboloids of two
sheets, the light cone with the origin excluded, hyperboloids of one sheet.
A cross section of the future light cone is sketched in perspective; it is a
2-sphere in 4D. The origin pa = 0 is a 4rth orbit in itself.
Mm = L0/SO(3) is topologically equivalent to the orbit, i.e., Mm = H3.
The corresponding homotopy groups are all trivial
pii(H3) ∼ {1}. (1)
We are left with continuous Volterra defects, m-dislocations and m-
disclinations carrying elements of the full little group of symmetry, transla-
tions and rotations included, Pm ∼ Hm nR1,3 ∼ SO(3)nR1,3.
2- Spacelike momenta
The little group that leaves a spacelike 4-momentum pat invariant is Ht ∼
PSl(2,R) ∼ Sl(2,R)/Z2 [26]. The coset spaceMt is topologically equivalent
to a spacelike hyperboloid of one sheetMt ∼ S2 × R; thus:
pii(Mt) ∼ pii(S2)→ pi1(Mt) ∼ {1}, pi2(Mt) ∼ Z, pi3(Mt) ∼ Z, pi4(Mt) ∼ Z2.
(2)
There are Volterra continuous and topologically stable defects, whose dimen-
sionalities in M4 are: 1 for pi2(Mr) and 0 for pi3(Mr); pi4(Mr) designates
possible configurations (in the sense of [3]). All line defects are continuous.
By definition, they obtain by a VP carrying an element of the full little
6
group Pt ∼ Ht nR1,3.
3- Null momenta
The little group that leaves par invariant is isomorphic to the 2D Eu-
clidean group; Hr ∼ E(2) = SO(2) n R2, the semidirect product of a cir-
cle by a plane. The (unique) orbit of par , which is also the coset space
Mr = L0/E(2), is topologically equivalent to the future null cone with apex
removed, ‖par‖2 = 0Mr ∼ S2×R. One gets the same homotopy as forMt,
namely:
pii(Mr) ∼ pii(S2)→ pi1(Mr) ∼ {1}, pi2(Mr) ∼ Z, pi3(Mr) ∼ Z, pi4(Mr) ∼ Z2.
(3)
Hence there are both Volterra continuous and topologically stable defects,
whose dimensionalities in M4 are: 1 for pi2(Mr) and 0 for pi3(Mr); pi4(Mr)
designates possible configurations. All line defects are continuous defects.
By definition, they obtain by a VP carrying an element of the full little
group Pr ∼ Hr nR1,3.
4- Vanishing momenta
pa = {0, 0, 0, 0}: the little group is the full proper Lorentz group L0; the
coset spaceMv = L0/L0 is reduced to a point. Therefore all the homotopy
groups pii(Mv) are trivial and the only possible defects are continuous VP
defects. All the elements of L0 have been scanned with the previous little
groups, and thus this case embraces all the forms already cited.
2.2 The significance of topological defects: M4-crystals, vac-
uum
1− The first three conjugacy classes. In the spirit of [21], the relationship
between elementary particles and conjugacy classes of L0 subgroups suggests
to identify a set of identical elementary particles − of the same 4-momenta pa
inM4, of constant density, represented by some subgroup H of L0 leaving pa
invariant, forming a congruence of geodesics along pa, − to a crystal in M4,
whose symmetry group is precisely the little group that leaves pa invariant.
Thus the first three conjugacy classes yield three types of crystals, with
inhomogeneous symmetry groups Pm, Pt, and Pr 1. Thereby the topological
and Volterra defects of these crystals would be those defined in the previous
1We leave aside the question of the physical reality of tachyons.
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section. The use of 4-momenta to getting the three types of continuous
forms is therefore fully justified.
2− The fourth conjugacy class appears here in a new perspective, not
so trivial. The m-, r- and t-forms it embraces could be observed if there
is some substance that possesses all the L0 symmetries, a sort of spacetime
amorphous substance. We tentatively identify this substance with a QFT
vacuum of a de Sitter spacetime; the de Sitter spacetime is endowed with a
positive cosmological constant.
2.3 The cosmological principle
It is worth analyzing this ’crystal’ classification with regard to the cosmo-
logical principle, which states that any two elements belonging to the same
spacelike slice are equivalent, at least at some large enough scale. This nar-
row cosmological principle (nCP) is in contrast with a perfect cosmological
principle (pCP) which states that any two events in spacetime are equiva-
lent [23, 24]. Expressed in terms of symmetry groups, a)- nCP states that
the spacetime is foliated by maximally symmetric spacelike hypersurfaces
parameterized by the cosmic time, with Volterra defects related to their
isometry groups (nCP ∼ SO(3) n R3 in M4); b)- pCP implies a physical
situation invariant under the Poincaré group pCP ∼ P (4) (in M4) or the
de Sitter group pCP ∼ SO(1, 4) (in dS4).
The only nCP-compatible forms are them-forms. This does not preclude
the existence of r- and t-forms, under the status of imperfect defects. On the
other hand all three types of forms are pCP-compatible, which emphasizes
the QFT vacuum hypothesis. pCP defects are not valid physical defects at
the present epoch, but may have been associated with a de Sitter universe
in the primeval Universe.
3 Continuous cosmic forms
We center our discussion on disclinations and their ds2 in M4. Energetic
and dynamical properties, the detailed structure of the core, are left aside.
Disclinations being related to the L0 subgroup, present in all spacetimes, the
following results are valid mutatis mutandis for any spacetime. Dislocations
play a distinctive role inM4, in all processes that involve movement, change
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of shape, relaxation, etc. of disclinations, somewhat analogously to their
role in CMP [5].
The main concepts related to cosmic forms will be developed for the
m-form and will not be detailed again for the t- and the r-forms.
We use the spin representation of the Lorentz group S`(2,C) → L0.
S`(2,C) = L˜0, the covering group of L0, is the group of 2×2 matrices
A = a b
c d
with complex entries and unit determinant ad − bc = 1. Any
element g ∈ L0 lifts to two elements A,−A ∈ S`(2,C). A short reminder of
the S`(2,C) representation can be found in [16].
3.1 General comments about cosmic forms
We summarize the main results that emerge in this section:
− there are wedge and twist cosmic forms. A mixed m-form is a generic
non-wedge form,
− the 2-plane world sheet L of a wedge cosmicm-, t- or r-form is invariant
(locally or globally) under the action of g ∈ L0; it carries the singularity of
the wedge form,
− the world sheet L of a twist cosmic m-form is a 2-plane orthogonal
to the 2D rotation axis; L is not invariant under the action of g. The
singularity is carried by a 3D timelike manifold, the world shell S whose
size varies along L,
− the world shell of a twist or mixed m-form can be stabilized at a
constant size by the addition of a density of infinitesimal cosmic forms (dis-
locations or disclinations) attached all along the m-form; a m-form L can
curve to any shape under the effect of a variable attachment of dislocations
or disclinations all along thereby. There is a comparable property in CMP
[5],
− an analogous analysis applies to t- and r-forms, but with differences
stemming in the more subtle nature of the rotation angles (hyperbolic and
null angles, respectively),
− we are concerned with forms characteristic of some substance inhab-
iting the spacetime, for example a set of particles defined by a constant
4-momentum pa with little group Ha ⊂ L0. If A, the symmetry element
carried by the cosmic form, belongs to H˜a, then the cut hypersurface Σ is
not observable; it is a perfect form. A cosmic form is imperfect when the
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symmetry element Au it carries /∈ H˜a.; the cut hypersurface Σu is made
visible.
3.2 m-cosmic forms
1- The wedge m-form
In the sequel, L is taken along the {e0 e3} plane. We do not consider
the (mathematically feasible) situation where the singularity is spacelike, as
in [12], in which case the form is a hypersurface in a 3D space, not a line.
Let pam be a timelike 4-momentum, invariant about any rotation g ∈
Hm ∼ SO(3) that leaves invariant the spacelike manifold Pm⊥ orthogonal to
pam. Hence g is a global rotation of Pm⊥ about some rotation axis$ ⊂ Pm⊥;
the 2-plane Ω ≡ {pam$} is a 2-plane of rotation.
To make things simple, take pam = {p0m, 0, 0, 0}; hence Pm⊥ ≡ {e1 e2 e3}.
Any element of H˜m has the form Am =
a b
−b¯ a¯ ∈ SU(2) ∼ S˜O(3) [21]. The
displacement of a point Xam = {X0m, X1m, X2m, X3m} on the cut hypersurface
Σm reads dm = xm − Xm = AmXmA∗m − Xm. In this equation, Xam is
represented by the 2×2 hermitian matrix X = X
0 +X3 X1 − iX2
X1 + iX2 X0 −X3 .We
also assume a = exp−iα/2, b = 0 (which yields {$} = {e3}); L ≡ {e0 e3},
the plane of rotation is locally invariant under the action of Am:
x0m = X0m, x3m = X3m, x1m + i x2m = (X1m + iX2m) exp iα. (4)
{e3} is the axis of rotation in the spacelike submanifold Pm⊥, along which
direction lies the singularity of the wedge form in Pm⊥; {e0} is the axis of
rotation in the timelike submanifold {e0 e1 e2}.
This wedge m-form is the same as the conical cosmic string of ref.
[27, 10, 12, 11]. All the displacements take place in a 3-space orthogonal to
pam; the analysis of the form in spacetime does not differ from the analysis
of a continuous disclination in the habit Euclidean 3-space of an amorphous
substance. Since wedge disclinations in space can curve to any shape, simi-
larly m-disclination loops can take any shape; however a full understanding
of this property requires the notion of twist disclination, below.
The line element of a straight m-disclination obtains by applying the
Volterra process to the spacetime [11]. In the VP the coordinates of a
undeformed Minskowski spacetime {T,R, φ, Z} are transformed to: {t =
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T, r = R, φ = Φ1− α2pi , z = Z, } when running from Φ = 0 to Φ = 2pi−α.
Substituting into the line element for an undeformed M4 one gets:
ds2 = −dt2 + dz2 + dr2 + a2 r2 dφ2, a = 1− α2 pi . (5)
The Riemann tensor vanishes everywhere in the spacetime, except on L.
Eq. 5 can also be written:
ds2 = −dt2 + (dx+ α2pi y dφ)
2 + (dy − α2pi x dφ)
2 + dz2, (6)
where the rotation α about the {e3} axis is apparent.
There are two types of disclinations:
− α > 0, a < 1; a sector of angle 2pi (1−a) is cut out from the spacetime
and the resulting edges are identified; α is a deficit angle. In the CMP
terminology, this is a positive disclination. All cosmic strings are of this
type,
− α < 0, a > 1; a sector of angle 2pi (a − 1) is inserted and its edges
are identified with the lips of the cut. In the CMP terminology, this is a
negative disclination.
The mass-energy µ per unit cosmic line length can be written µ =
c2
4G (1− a) ≡ c
2
8piG α, G is the gravitation constant, c the light velocity [28].
The positivity of µ forbids the existence of negative disclinations. However
this is without taking into account the possibility of multiple vacua of posi-
tive as well as negative energies in inflation theory [29].
2- The twist m-form; its world shell
Consider a m-form whose 2-axis of rotation is {e0 e2}, with the same
world sheet L ≡ {e0 e3} as above. L is not invariant, even globally, under
the action of the VP. In the 3 space {e1 e2 e3} the cosmic form is along the
{e3} axis, and the rotation about the {e2} axis, orthogonal to it. We keep
the CMP terminology of twist disclination.
When navigating around L, the old coordinates coordinates {X1, X3}
become:
x = X1 cos α2pi φ−X
3 sin α2pi φ, z = X
1 sin α2pi φ+X
3 cos α2pi φ, r = R φ = Φ,
(7)
and the line element takes the form:
ds2 = −dt2 + (dx+ α2pi z dφ)
2 + dy2 + (dz − α2pi x dφ)
2. (8)
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The singularity is not carried by L but by a timelike world shell Sm ≡
{Hm = 0}:
Hm = r − α2pi z sinφ. (9)
The non-vanishing Christoffel symbols, inverse metric components, all be-
have as H−1m and thus diverge on Sm. There are incomplete geodesics that
terminate (or start) on Sm. The metric of Eq. 8 being valid in the inner
part of Sm as well as the outer part, there are such geodesics on both sides
of Sm. An equivalent property has not been pointed out in CMP.
The appearance of a singular world shell has some mathematical advan-
tages. It is argued in [30] that postulating a Dirac distribution of curvature
on a 2D manifold is not a well-posed mathematical problem, but that there
is no such trouble for a 3D one.
3- Relation between twist cosmic m-forms and dislocations
Twist disclinations and dislocations are topologically related objects in
CMP. This is illustrated Fig. 2a, where a wedge disclination line is kinked
along a segment ds orthogonal to the VP rotation Ω; ds is a twist segment
along a wedge line. Clearly, any point M on the cut surface of such a defect
does not suffer the same displacement Ω × AM (we assume |Ω| small),
whether A is above the kink d+ = Ω×A+M or below d− = Ω×A−M (d+
and d− do not depend on the position of A+ and A−), and the difference
d+−d− = Ω×ds is a constant. This results in the presence of a dislocation
of Burgers vector:
db = Ω× ds. (10)
attached to the kink, see [5]. A twist disclination is nothing else than a set
of such kinks, i.e., attached dislocations with a line density Ω× dsds , Fig. 2b.
Analogous topological relations exist between cosmic forms and dislo-
cations in spacetime. Consider an edge dislocation, world sheet {e0 e3},
Burgers vector b along the {e1} direction. The line element is:
ds2 = −dt2 + (dx+ b2pi dφ)
2 + dy2 + dz2. (11)
Again, it appears a world shell Se ≡ {He = r − b2pi sinφ = 0}) along
which some Christoffel symbols, inverse metric components, and geodesic
12
Figure 2: a)- Kink ds along a CMP wedge disclination of strength Ω; b)-
twist disclination made of an assembly of such kinks with a constant Burgers
vector density db/ds.
equations behave as H−1e and thus diverge (cf. an analogous result in [31],
in a different context). Se size is approximately |b|/(4pi).
Compare Hm = r − α2pi z sinφ and Hex = r − b2pi sinφ; these two ex-
pressions can be made equal along successive segments δz = b/α: hence it
is possible to attach a set of dislocations of Burgers vector b = α δz, one
per length δz, and thereby get rid of the variation of Sm along the twist
form. In other words (passing to a continuous Burgers vector) the twist
form is dressed with a dislocation density db/dz = α. Eventually the core
configuration of the twist m-form is translationally invariant along the {e3}
axis.
We do not investigate the detailed configuration of the attachment and
the energy of the core, a topic in itself.
3.3 t-cosmic forms
1- The wedge t-form
Consider a VP carrying the Lorentz boost At =
e
ω
2 0
0 e−ω2
= A∗t , At ∈
H˜t. The spacelike directions invariant under the action of At can be written
pat = {0, p1, p2, 0}, ∀ p1, ∀ p2; a pair of spacelike directions {0, p1, 0, 0}, {0, 0, p2, 0}
defines a locally invariant 2-plane which could be taken as a world sheet for
a wedge t-form carrying At. But this plane is spacelike and does not yield a
line defect in space. On the other hand a timelike 2-plane like L = {e0 e3},
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which is globally invariant, provides a suitable ’wedge’ world sheet.
The same method that yielded Eq. 7 extends to getting the line element
of this t-form. First we have:
t = T cosh$Φ+Z sinh$Φ, z = T sinh$Φ+Z cosh$Φ, r = R φ = Φ
(12)
where $ = ω2pi , ($φ varies between 0 and ω when traversing a loop that
surrounds L). Then:
ds2 = −(dt−$ z dφ)2 + dr2 + r2 dφ2 + (dz −$ tdφ)2, (13)
as in [11, 12]. The Riemann tensor attached to this line element vanishes
identically. Tod [11] has shown that this disclination carries singularities
(distributional curvature and torsion) in the L plane. Thus we still call it a
wedge form.
2- The twist t-form; attached dislocations
Consider a t-form (”disclination 7” in [12]) with the same L ≡ {e0 e3} as
above, whose hyperbolic rotation is in the {e0 e2} plane. L is not invariant
in the VP, even globally. In the 3-space {e1 e2 e3} the cosmic form is along
the {e3} axis, and the hyperbolic rotation along the {e2} axis, orthogonal
to {e3}. We keep the terminology of twist disclination.
The variation of the boost when navigating around L is:
t = T cosh$Φ+Y sinh$Φ, y = T sinh$Φ+Y cosh$Φ, r = R φ = Φ,
(14)
and the corresponding line element is (notice a correction of sign with respect
to [12]):
ds2 = −(dt−$y dφ)2 + (dy −$ tdφ)2 + dx2 + dz2. (15)
The Riemann tensor vanishes identically. In analogy with the m-twist
form, the inverse metric and the Christoffel symbols diverge on a hypersur-
face St ≡ {Ht = 0}:
Ht = r −$ t cosφ. (16)
St is not time-invariant. In analogy with the twist m-case, this can be
cured by a suitable dislocation density attached to the t-form. The relevant
dislocations have the line element:
ds2 = −dt2 + dx2 + (dy + by2pi dφ)
2 + dz2. (17)
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The related singular hypersurface is Sey ≡ {Hey = r − by2pi cosφ = 0}. The
attached dislocation density is dby/dt = $.
3.4 r-cosmic forms
The general expression for an element Ar of H˜r which leaves locally invariant
the null direction ka = {1, 0, 0, 1} ∝ par = {p, 0, 0, p} can be written: Ar =
exp−iα2 −σ¯ exp iα2
0 exp iα2
, with σ = σ1 + i σ2, [21]. No other null direction is
invariant under the action of Ar. Therefore there is no world sheet locally
invariant in any VP of the Ar type. On the other hand one can show that
there is one 2-plane (and only one) that is VP globally invariant. Choosing
this plane as the world sheet would define a wedge r-form. The null 3-
manifold Pr⊥ ≡ x0−x3 = 0 orthogonal to ka is globally invariant under the
same action. We haven’t carried out the rather cumbersome calculation of
the line element of this wedge r-form. This is in contrast with the m-case,
where a 3D spacelike manifold is invariant; in that sense, a r-disclination
does not obey the cosmological principle. The (rather complicated, but
never considered up to now) establishment of the line elements of two twist
types of r-forms, as well as a discussion of the attached dislocations on one
example, can be found in the Appendix.
3.5 Observability of the cut hypersurface of a cosmic form
This section concerns theM4-’crystals’ of Sect. 2.2. Consider e.g., am-form,
VP-constructed on a cut hypersurface Σm, breaking the symmetry element
Am =
a b
−b¯ a¯ . Am leaves invariant any timelike 4-momentum as
pam = {p0m, 0, 0, p3m}, ∀p0m, ∀p3m, ||pam||2 < 0,
the resulting m-form is a perfect VP defect in a spacetime inhabited by
the pam ’crystal’. For any other p crystal with p 6= λpam, λ = cst, the
m-form differs from a perfect form by the appearance of a misorienta-
tion from one side of Σm to the other. Compare indeed p on one side
to p′ = Am pA∗m on the other for, e.g., p = par = {1, 1, 0, 0}; one gets
p′r = Am pr A∗m = {1, cosα, sinα, 0}. Σm is made visible by this misori-
entation; its observability gives evidence of an imperfect form. The cut
hypersurface gets a physical status, similar to a grain boundary in CMP.
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The pam field is continuous through the cut surface, but not on the world
sheet or the world shell. Since pam does not suffer any singularity on Σm, the
cosmic form is not sensitive to the exact location of the cut surface. These
arguments extend to any cosmic form carrying a symmetry element At or
Ar.
4 Discussion
1- additional comments
− the relation between VP defects in dS4 and M4 can be made more
precise: a contraction [32] of the group of isometries SO(1, 4) of dS4 to P (4),
with respect to the little group SO(1, 3) ∼ L0 at a point x ∈ dS4, transforms
L0 into R1,3. Thereby the rotations in SO(1, 3) turn into the translations in
R1,3, the corresponding disclinations into dislocations; the attachment of a
dislocation in M4 results from the attachment of a disclination in dS4.
− a variable attachment density results in a curved mixed form. The
attached infinitesimal densities, which are free to spread out through space-
time, constitute a topological contribution to the spacetime continuous dis-
tortions.
− The attachment of infinitesimal defects does not depend whether the
main disclination is of a continuous or discrete strength; it applies to cosmic
strings. The dynamics of a string or a form requiring some shape fluctuation
of the line defect, thereby it is attended by variable attached defect densities.
− in all the examples above, the Riemann curvature of an isolated wedge
or twist form (before stabilization by attached densities) is vanishing (in
M4). We conjecture that this is always the case. This is no longer true in
the presence of attached densities.
2- a few conjectural remarks
− As already mentioned, the m-, t- and r-forms obey the perfect cosmo-
logical principle (pCP); t- and r-forms are not compatible with the narrow
cosmological principle (nCP). The steady state spacetime of ref. [23, 24],
namely dS4, is built precisely in order to obey pCP: its positive cosmological
constant is usually interpreted as a false vacuum; if so r- and t-forms are
forms typical of a false vacuum. They could be met, as well as m-forms,
during the process of inflation [29], as long as the spacetime is dS4; as the
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decay of the false vacuum proceeds in function of time t, the spacetime takes
a generic FRW structure and the r- and t-forms are no longer VP compat-
ible with this structure: they might acquire a status of imperfect forms, or
smoothly disappear, due to their continuous character.
−Wedge m-forms are reminiscent of Regge’s bones [33], which carry
continuous deficit angles. Bones form a skeleton that approximate spacetime
curvature, with Bianchi relations at the joints. Similarly, one recognizes
in CMP the existence of disclination networks (skeletons), with Kirchhoff
relations at the nodes (joints), but also of conjugated disclination networks,
which are believed to be present in amorphous systems [34]: each network
is made of disclination segments which carry deficit angles of the same sign
(they cannot annihilate mutually), with opposite signs for the two networks.
As a result the curvatures cancel on the average; the amorphous material
can thereby live in a flat Euclidean space (as it must), at the expense of
internal stresses.
We speculate that cosmic forms gather into networks, with a richer struc-
ture than Regge’s skeletons since they may incorporate r- and t-forms. Such
networks would play a role in the setting up of the space curvature. This
curvature almost vanishes at the end of the period of inflation, without the
intervention of disclinations according to the present views; this might also
happens before inflation or at its beginning, by the nucleation of conjugated
networks that could achieve a decrease of the occupied volume hence a de-
crease of the local energy (at constant false vacuum energy density). Thus,
the inflation process would act on a already flat space.
Appendix: r-cosmic forms
Let Xa = {X0, X1, X2, X3} be an event on the cut hypersurface (not
defined yet) in M4; its transform under Ar =
exp−iα2 −σ¯ exp iα2
0 exp iα2
, with
σ = σ1 + i σ2, is:
x = ArX A∗r =
X0 +X3 −X σ¯ exp i α− X¯ σ exp−i α+ σ σ¯ (X0 −X3) X¯ exp−i α− σ¯ (X0 −X3)
X exp i α− σ (X0 −X3) X0 −X3 .
(18)
This also reads:
x0 + x3 = X0 +X3 − σ X¯ exp−i α− σ¯ X exp i α+ σ σ¯ (X0 −X3), x0 − x3 = X0 −X3, (19)
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x = X exp i α− σ (X0 −X3), where x = x1 + i x2, X = X1 + iX2. (20)
Uppercase letters Xi (resp. lowercase xi) refer to the situation before
(resp. after) the introduction of the disclination in M4. We assume in the
sequel that the world sheet of the r-disclination is the plane {e0 e3}. A point
in the plane {e1 e2} is defined by the coordinates x1, x2 or alternatively r, φ.
When traversing a loop which surrounds the world sheet, the angle φ
scans the interval [0, 2pi] whereas Φ scans the interval [0, 2pi − α]. The
displacement on the cut hypersurface is the sum of a rotation by an angle
α and of a translation of components σ1, σ2. Writing that the increment
of Φ is proportional to φ when the loop is traversed, i.e., ∆φ = φ − Φ =
αφ/(2pi), and that the translational component is also proportional to φ2pi ,
hence denoting
U = X0−X3, V = X0+X3, u = x0−x3, v = x0+x3, x = x1+i x2, w = uφ2pi =
U φ
2pi ,
the Eq. 19 and 20 yield:
v − V = −σ X¯ exp−i α φ2pi − σ¯ X exp i
α φ
2pi + σ σ¯ U
φ
2pi , u− U = 0, (21)
x = X exp i α φ2pi − σ U
φ
2pi , (22)
The line element dS2 = −dU dV + dX21 + dX22 of the undeformed spacetime
is transformed into the line element ds2 = −du dv+dx21+dx22 in the presence
of the disclination.
The calculation uses the full Eq. 21 and 22; we assume that the cut
hypersurface Σrα is the hypersurface
Σrα ≡
{1
2(σ X¯ exp−i
α φ
2pi + σ¯ X exp i
α φ
2pi ) = 0
}
. (23)
According to the discussion in Sect. 3.5 the result does not depend on the
cut hypersurface, as long as the environment has the pCP symmetry Ar.
The calculation of the line element requires some algebra but gives a rather
simple result:
ds2 = −(dλ0)2 + (δµ1)2 + (δµ2)2 + (dλ3)2, (24)
where λ0 and λ3 are defined as follows:
λ0 = x0 − |σ|
2
2 w, λ
1 = x1 + σ1w, λ2 = x2 + σ2w, λ3 = x3 − |σ|
2
2 w, (25)
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and
δµ1 = dλ1 + α2pi λ
2 dφ, δµ2 = dλ2 − α2pi λ
1 dφ. (26)
δµ1 and δµ2 are not total differentials.
i)- The case α = 0, σ 6= 0.
The case σ = 0 brings us back to the uninteresting case of a m-form. In
the case α = 0, eq. 26 yields
ds2 = −(dλ0)2 + (dλ1)2 + (dλ2)2 + (dλ3)2. (27)
With these variables, the vanishing of the Riemann tensor is apparent. The
search for a possible world sheet or world shell cannot be made with the
coordinates λa, which are Minkowskian pure; we rather use the set of coor-
dinates u, v, r, φ, with which the line element can be written:
(ds)2 = −du dv+|σ|2 du dw+dr2+r2 dφ2+|σ|2 dw2+2|σ| dw d [r cos(φ− φ0)] ,
(28)
where we have used the notation σ = |σ| exp iφ0, i.e. σ1 x1 + σ2 x2 =
|σ| r cos(φ− φ0).
One finds that the singularities are carried by the hypersurface Sr0 ≡
{Hr0 = 0}:
Hr0 = r − ς u sin(φ− φ0), where ς = |σ|2pi . (29)
The world shell Hr0 is not invariant along the r-form. Again, this can
be cured by the addition of attached dislocations. For example, the edge
dislocation along the {e3} axis with Burgers vector bx = b cosφ0, by =
b sinφ0,:
ds2 = −dt2 + (dx+ cosφ0 b2pi dφ)
2 + (dy + sinφ0
b
2pi dφ)
2 + dz2. (30)
is singular on the hypersurface
Heb = r −
b
2pi sin(φ− φ0). (31)
Therefore dislocation densities σ = db/du attached to the r-form have the
expected behavior.
ii)- The general case α 6= 0, σ 6= 0.
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The singularities are carried by the hypersurface S ≡ {Hr = 0}:
Hr = a r − α ς w cos(φ− φ0)− u ς sin(φ− φ0). (32)
iii)- Another mixed r-form
Equation 6 for a m-form and eq. 24 above both describe a disclination
of angle α about the sheet x1 = x2 = 0 in the first case, λ1 = λ2 = 0 in
the second; they coincide in the exchange x0 ↔ λ0, xi ↔ λi. Consequently
one can use the model of a m-twist disclination Eq. 8 to construct another
r-disclination with a twist component. One gets:
ds2 = −(dλ0)2 + (dλ1 + α2pi λ
3 dφ)2 + (dλ2)2 + (dλ3 − α2pi λ
1 dφ)2. (33)
Acknowledgments
I thank Jacques Friedel, Tom Kibble and Alex Vilenkin for discussions.
20
References
[1] J. Friedel. Dislocations. Pergamon, Oxford, England, 1964.
[2] G. Toulouse and M. Kleman. Principles of a classification of defects in ordered media.
J. Phys. Lett. (Paris), 37:L149, 1976.
[3] M. Kleman and L. Michel. Spontaneous breaking of Euclidean invariance and classifi-
cation of topologically stable defects and configurations of crystals and liquid crystals.
Phys. Rev. Lett., 40:1387, 1978.
[4] E. Kroener. Continuum Theory of Defects, chapter 3, page 215. in Physics of Defects,
Les Houches Session XXXV. North-Holland, Amsterdam, The Netherlands, 1981.
edited by R. Balian, M. Kleman and J.-P. Poirier.
[5] M. Kleman and J. Friedel. Disclinations, dislocations and continuous defects: a
reappraisal. Rev. Mod. Phys., 80:61, 2008.
[6] T. W. B. Kibble. Topology of cosmic domains and strings. J. Phys. A: Gen. Phys.,
9:1387, 1976.
[7] A. Vilenkin and E. P. S. Shellard. Cosmic Strings and Other Topological Defects.
Cambridge University Press, Cambridge, England, 1994.
[8] M. B. Hindmarsh and T. W. B. Kibble. Cosmic strings. Rep. Prog. Phys., 58:477,
1995.
[9] I. Chuang, R. Durrer, N. Turok, and B. Yurke. Cosmology in the laboratory: defect
dynamics in liquid crystals. Science, 251:1336, 1991.
[10] W. A. Hiscock. Exact gravitational field of a string. Phys. Rev, D 31:3288, 1985.
[11] K. P. Tod. Conical singularities and torsion. Class. Quantum Grav., 11:1331, 1994.
[12] R. A. Puntigam and H. H. Soleng. Volterra distortions, spinning strings, and cosmic
defects. Class. Quantum Grav., 14:1129, 1997.
[13] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester. General relativity
with spin and torsion: Foundations and prospects. Rev. Mod. Phys., 48:393, 1976.
[14] M. L. Ruggiero and A. Tartaglia. Einstein-cartan theory as a theory of defects in
space-time. Am. J. Phys., 71:1303–1313, 2003.
[15] Hagen Kleinert. Emerging gravity from defects in world crystal. Braz. J. Phys.,
35:359, 2005.
[16] Maurice Kleman. Cosmic Forms, (2011). gr-qc/1108.2904.
[17] N. D. Mermin. The topological theory of defects in ordered media. Rev. Mod. Phys.,
51C:591, 1979.
[18] L. Michel. Symmetry defects and broken symmetry. Configurations. Hidden symme-
try. Rev. Mod. Phys., 52:617, 1980.
[19] M. Kleman. Points, Lines and Walls. Wiley, Chichester, England, 1982.
[20] H.-R. Trebin. The topology of non-uniform media in condensed matter physics. Adv.
Phys., 31:194, 1982.
21
[21] E. Wigner. On unitary representations of the inhomogeneous Lorentz group. Ann.
Mathem., 40:149, 1939.
[22] A. D. Linde. Particle Physics and Inflationary Cosmology. Harwood Academic, Chur,
Switzerland, 1990.
[23] H. Bondi and T. Gold. The steady-state theory of the expanding universe. Mon.
Not. Roy. Ast. Soc, 108:252, 1948.
[24] F. Hoyle. A new model for the expanding universe. Mon. Not. Roy. Ast. Soc., 108:372,
1948.
[25] M. Kleman and J.-F. Sadoc. A tentative description of the crystallography of amor-
phous media. J. Phys. Lett. (Paris), 40:L569, 1979.
[26] S. Sternberg. Group theory and physics. Cambridge University Press, Cambridge,
England, 1994.
[27] A. Vilenkin. Cosmic strings. Phys. Rev., D 24:2082, 1981.
[28] J. Langer. Couches simples à symétrie cylindrique en relativité générale. Ann. Inst.
Henri Poincaré A, 12:393–413, 1970.
[29] A. Vilenkin. Many Worlds in One. The search for other universes. Hill and Wang,
New York, 2006.
[30] R. Geroch and J. Traschen. Strings and other distributional sources in general rela-
tivity. Phys. Rev. D, 36(4):1017–1031, Aug 1987.
[31] S. Krasnikov. Unconventional stringlike singularities in flat spacetime. Phys. Rev. D,
76(2):024010, Jul 2007.
[32] E. Inonu and E. P. Wigner. On the contraction of groups and their representation.
Proc. Nat. Acad. Sci., 39:511–524, 1953.
[33] T. Regge. General relativity without coordinates. Il Nuovo Cimento, 19:558–571,
1961.
[34] M. Kleman. Dual properties of conjugate disclination segment networks in amorphous
materials. J. Phys. Lett. (Paris), 44:L295–L302, 1983.
22
